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Abstract
In this paper we prove the following result. Let p be a prime, and k a positive integer. Let {w1; : : : ; wk} be a sequence
of k integers such that w1 + · · · + wk ≡ 0 (mod p2). Then, for every sequence a1; : : : ; ap2+k−1 of p2 + k − 1 elements in
Cp2 , there are k distinct indices i1; i2; : : : ; ik such that w1ai1 + · · ·+ wkaik = 0. This con!rms partly a conjecture by Caro.
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In 1961, Erd?os, Ginzburg and Ziv [7] proved that if a1; a2; : : : ; a2n−1 is a sequence of 2n−1 elements in a !nite abelian
group of order n (written additively) then one can !nd n distinct indices i1; i2; : : : ; in among 1; 2; : : : ; 2n − 1 such that
0= ai1 + · · ·+ ain . This result has been generalized in several directions [1–4,8,9,11,12]. In 1996, Caro [5] formulated the
following:
Conjecture 1. Let Cn be the cyclic group of n elements, and w1; : : : ; wk be integers such that w1 + · · ·+ wk ≡ 0 (mod n).
Let a1; a2; : : : ; an+k−1 be any sequence of n + k − 1 elements in Cn. Then, one can !nd k distinct indices i1; : : : ; ik such
that w1ai1 + · · ·+ wkaik = 0.
Let Cn be the cyclic group of n elements, and S = {a1; : : : ; al} a sequence of elements in Cn. For any a∈Cn, by S(a)
we denote the number of repetitions of a occurs in S. Let
h(S) = max
a∈Cn
S(a)
be the maximal number of an element that can occur in S. By (S) we denote the sum
∑l
i=1 ai. If T is a subsequence of
S, by ST−1 we denote the subsequence by deleting T from S. If U; V are disjoint subsequences of S, by UV we denote
the subsequences of S by juxtaposing V and U .
Let W = {w1; : : : ; wk} be a sequence of integers, let
n(W ) = |{i|(wi; n) = 1}|
be the number of terms of W which are coprime to n.
Theorem 2. Let n be a positive integer, W = {w1; : : : ; wk} a sequence of integers such that w1 + · · · + wk ≡ 0 (mod n),
and S = {a1; a2; : : : ; an+k−1} a sequence of n + k − 1 elements in Cn. Suppose that n(W )¿ k − 1. Then one can (nd k
distinct indices i1; : : : ; ik such that w1ai1 + · · ·+ wkaik = 0.
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Theorem 2 generalizes a result in [13].
Lemma 3 (Moser and Scherk [14]). Let G be an abelian group, A and B two subsets of G. Suppose that 0∈A∩B, and
suppose that 0=a+b with a∈A and b∈B implies a=b=0. Then, |A+B|¿ |A|+|B|−1, where A+B={a+b|a∈A; b∈B}.
By using Lemma 3, in a similar way to [13], one can prove the following result which is similar to Lemma 1 in [10]
or Lemma 1.1 in [13].
Lemma 4. Let G be a (nite abelian group of order n, S = {a1; : : : ; an} be a sequence of n elements in G. Set h= h(S).
Let k be an integer with k¿ h, and let w1; : : : ; wk be a sequence of k integers such that (wi; n)=1 for every i=1; : : : ; k.
Then one can (nd some distinct indices i1; : : : ; il such that wj1ai1 + · · ·+wjlail =0 with 16 l6 h and j1; : : : ; jl are also
distinct.
Proof of Theorem 2. Let a∈Cn such that S(a) = h(S). Without loss of generality, we assume that a= 0 (otherwise, we
consider {−a+ a1;−a+ a2; : : : ;−a+ an+k−1}). By rearranging the subscripts we may assume that
S = {a1; : : : ; an+k−1−h; 0; : : : ; 0︸ ︷︷ ︸
h
}
with ai = 0 for every i = 1; : : : ; n+ k − 1− h.
If h¿ k, then w1 ·0+ · · ·+wk ·0=0 and we are done. So we may assume that k−1¿ h, and therefore n+k−1−h¿ n.
Set r=n(W ), without loss of generality we may assume that (wi; n)=1 for i=1; : : : ; r. Since r=n(W )¿ k−1¿ h, by
using Lemma 4 one can !nd some distinct indices 16 i1; : : : ; il16 n+k−1−h and some distinct indices 16 j1; : : : ; jl16 r
such that
wj1ai1 + · · ·+ wjl1 ail1 = 0
and 16 l16 h.
By rearranging the subscripts we may assume that
w1a1 + · · ·+ wl1al1 = 0:
Then, either n + k − 1 − h − l16 n − 1; or n + k − 1 − h − l1¿ n. Therefore r − l1¿ k − 1 − l1¿ h. We can apply
Lemma 4 to {wl1+1; : : : ; wr} and {al1+1; : : : ; an+k−1−h}, and we may assume that for some 16 l26 h
wl1+1al1+1 + · · ·+ wl1+l2al1+l2 = 0:
Continue the same progress above, one can !nd a series of positive integers
l1; l2; : : : ; lt
such that
wl1+···+li+1al1+···+li+1 + · · ·+ wl1+···+li+1al1+···+li+1 = 0
and 16 li6 h for all i = 0; 1; : : : ; t − 1(set l0 = 0), and such that n+ k − 1− h− (l1 + · · ·+ lt−1)¿ n and n+ k − 1−
h− (l1 + · · ·+ lt−1 + lt)6 n− 1, it follows that
k − h6 l1 + · · ·+ lt−1 + lt6 (k − 1− h) + lt6 k − 1:
Therefore, w1a1 + · · ·+ wl1+···+lt al1+···+lt + wl1+···+lt+1 · 0 + · · ·+ wk · 0 = 0. Now the proof is completed.
Let n be a positive integer, and let W = {w1; : : : ; wk} be a sequence of integers. We say W a zero-sum sequence mod n
if w1 + · · · + wk ≡ 0 (mod n). We say W a minimal zero-sum sequence mod n if W is a zero-sum sequence mod n and
W contains no proper zero-sum subsequence mod n.
Theorem 5. Let n be a positive integer. Suppose that Conjecture 1 is true for every minimal zero-sum sequence mod n.
Then, Conjecture 1 is true for n and every zero-sum sequence mod n.
Proof. Clearly.
Lemma 6 (Davenport [6]). If p is a prime, and if A; B are two nonempty subsets of Cp, then |A + B|¿min{p; |A| +
|B| − 1}.
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Theorem 7. If p is a prime then Conjecture 1 is true for n= p2.
Proof. Let W = {w1; : : : ; wk} be a zero-sum sequence mod p2, and let S = {a1; : : : ; ap2+k−1} be a sequence of p2 + k − 1
elements in Cp2 . We have to prove that there are k distinct indices i1; : : : ; ik such that w1ai1 + · · ·+wkaik =0. By Theorem
5 we may assume that W is a minimal zero-sum sequence mod p2.
Let H be the subgroup of Cp2 with |H |=p. Let  be the natural homomorphism form Cp2 onto Cp2 =H with ker =H .
Write S=S1 · · · St such that Si=∏(ai)=gi+H ai for some gi ∈Cp2 (16 i6 t), and g1 +H; : : : ; gt +H are pairwise distinct.
Set si = |Si| for i = 1; : : : ; t. Without loss of generality we may assume that
s1¿ · · ·¿ st¿ 1:
We distinguish two cases.
Case 1: s1¿p+ k − 1. Suppose S1 = {g1 + b1; : : : ; g1 + bs1}, where bi ∈ ker = H for i = 1; : : : ; s1. Since Conjecture
1 is true, n is prime [5], there are k distinct indices i1; : : : ; ik such that w1bi1 + · · ·+ wkbik = 0. Therefore, w1(g1 + bi1 ) +
· · ·+ wk(g1 + bik ) = (w1 + · · ·+ wk)g1 + w1bi1 + · · ·+ wkbik = 0 and we are done.
Case 2: s16p+k−2. By rearranging the subscripts we may assume that p|wi for 16 r0 and pAwi for r0 +16 i6 k.
By Theorem 2 we may assume that
r0¿ 2:
Suppose wi=pui for i=1; : : : ; r0. Then, pAui holds for every i=1; : : : ; r0. If Z={z1; : : : ; zv} is a sequence of elements in Cp2 ,
then by (Z) we denote the sequence {(z1); : : : ; (zv)} of elements in Cp2 =H . Note that (S) = (S1) · · ·(St) = (g1 +
H)s1 · · · (gt+H)st . Set st+1=0. For every 16 i6 r0, de!ne Ai={ui(g1+H); : : : ; ui(gm+H)} if sm ¡ i6 sm−1; t+1¿m¿ 2;
and Ai = ∅ if i ¿ s1. Since pAui, ui(g1 + H); : : : ; ui(gm + H) are pairwise distinct. Set ti = |Ai| for i = 1; : : : ; r0. Then,
p¿ t= t1¿ · · ·¿ tr0¿ 0. Since s16p+k−2¡ |S|, t1¿ 2. Let r be the largest integer such that 16 r6 r0 and tr¿ 2.
We assert that
r¿ 2: (1)
Assume to the contrary that r6 1. Then, |S1|= p2 + k − 1− t1 + 1¿p2 + k − 1− p+ 1¿k + p− 1, a contradiction.
This proves (1).
By rearranging the subscripts we may assume that
(a1; : : : ; at1 ) = {g1 + H; : : : ; gt1 + H} (2)
and
(at1+1; : : : ; at1+t2 ) = {g1 + H; : : : ; gt2 + H}: (3)
Since {w3; : : : ; wk} is a zero-sum sequence mod p, W = B1 · · ·Bl0 with all of Bi are minimal zero-sum sequences mod p.
Without loss of generality, we assume that |B1|¿ · · ·¿ |Bl0 |. Set ki = |Bi| for i=1; : : : ; l0. Set T = S(a1; : : : ; at1 ; at1+1; : : : ;
at1+t2 )
−1 = T1 · · · Tq1 , where 06 q16 t and Ti|Si for every i = 1; : : : ; q1. Then, (T ) = (S)(g1 + H; : : : ; gt1 + H)−1(g1 +
H; : : : ; gt2 + H)
−1 = (g1 + H)s1 · · · (gt + H)st (g1 + H; : : : ; gt1 + H)−1(g1 + H; : : : ; gt2 + H)−1. Suppose
(T ) = (g1 + H)
s′1 · · · (gq1 + H)s
′
q1 : (4)
Suppose that (Bi)=pxi for i=1; : : : ; l0. Then, pAxi for i=1; : : : ; l0. If s′26p+ k1− 2 then set l=0, ml=0 and El= ∅.
If s′2¿p+ k1 − 1, let m1 be the largest integer within 26m16 q1 such that s′m1¿p+ k1 − 1. Let i be in 16 i6m1.
Suppose Ti = {fi1 + gi; : : : ; fis′i + gi} with fij ∈H for every j=1; : : : ; s′i . Suppose B1 = {v1; : : : ; vk1}. Since s′i¿p+ k1− 1,
and Conjecture is true for prime n, there are k1 distinct indices j1; : : : ; jk1 such that v1fij1 + · · · + vk1fijk1 = 0. Therefore,
v1(fij1 +gi)+· · ·+vk1 (fijk1 +gi)=px1gi. Set S1i={fij1 +gi; : : : ; fijk1 +gi} for i=1; : : : ; m1. Let D={d1; : : : ; dq} be a sequence
of integers, and Y ={y1; : : : ; yq} a sequence of elements in Cp2 with |D|= |Y |. De!ne UY ={d1y1; : : : ; dqyq}. Then, UY is
a sequence of |Y | elements in Cp2 . Now we have, (B1S1i)=px1gi for i=1; : : : ; m1. Set E1={x1(g1+H); : : : ; x1(gm1 +H)}.
Let T ′ = T (
∏m1
i=1 Si1)
−1 = T ′1 · · · T ′q2 with 06 q26 q1 and T ′i |Ti for i = 1; : : : ; q2. If |T2|6p + k2 − 2 then set l = 1. If
|T2|¿p + k2 − 1. Let m2 be the largest integer within 26m26 q2 such that |T ′m2 |¿p + k2 − 1 and in a similar way
for above one can obtain Si2 and E2. Continuing the same progress one can get an integer 06 l6 l0, mi, Sij , and Ei
with |Ei| = mi, (BiSij) = pxigj , Ei = {xi(g1 + H); : : : ; xi(gmi + H)} for i = 1; : : : ; l and j = 1; : : : ; mi. We clearly have
t1¿ t2¿m1¿ · · ·¿ml. Now we distinguish two subcases.
Subcase 1. |A1 + A2 + · · ·+ E1 + · · ·+ El|6p− 1. If l= l0, by the making of Ei we derive that, |S1| − 1− 1− k1 −
· · · − kl¿p − 1. This gives that |S1|¿ 2 + k1 + · · · + kl + p − 1 = p − 1 + k, a contradiction. Therefore, l¡ l0. By
Lemma 6
t1 + (t2 − 1) + (m1 − 1) + · · ·+ (ml − 1)6p− 1: (5)
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Therefore,
|S1|¿ p2 + k − 1− (t1 + t2 + m1k1 + · · ·+ mlkl
+(p+ k1 − 2)(t2 − m1) + (p+ k2 − 2)(m1 − m2) + · · ·+ (p+ kl − 2)(ml−1 − ml)
+ (p+ kl+1 − 2)(ml − 1)) + 2 + k1 + · · ·+ kl
= p2 + p+ k − 1− (t1 + t2 + (p− 2)(t2 − 1) + k1(t2 − 1) + k2(m1 − 1) + · · ·
+ kl+1(ml − 1))
¿p2 + p+ k − 1− (pt1 + k1(t2 − 1) + k2(m1 − 1) + · · ·+ kl+1(ml − 1)):
Since Bi is minimal zero-sum sequence mod p, ki = |Bi|6p for i = 1; : : : ; l. Therefore,
|S1|¿ p2 + p+ k − 1− (pt1 + k1(t2 − 1) + k2(m1 − 1) + · · ·+ kl+1(ml − 1))
¿ p2 + p+ k − 1− (pt1 + p(t2 − 1) + p(m1 − 1) + · · ·+ p(ml − 1))
= p2 + p+ k − 1− p(t1 + (t2 − 1) + (m1 − 1) + · · ·+ (ml − 1))
¿ p2 + p+ k − 1− p(p− 1)(since (4))
¿p+ k − 1;
a contradiction.
Subcase 2. |A1+A2+E1+· · ·+El|=p. Let l1 be the smallest integer such that 06 l16 l and |A1+A2+E1+· · ·+El1 |=p.
By the minimality of l1, |A1 + A2 + E1 + · · ·+ El1−1|6p− 1. It follows from Lemma 6 that
t1 + (t2 − 1) + (m1 − 1) + · · ·+ (ml1−1 − 1)6p− 1: (6)
Since Bi is minimal zero-sum sequence, ki = |Bi|6p. Therefore,
|S(a1; : : : ; at1+t2 )−1
l∏
i=1
mi∏
j=1
S−1ij |
=p2 + k − 1− (t1 + t2 + k1m1 + · · ·+ kl1ml1 )
=p2 + (k − k1 − · · · − kl1 )− 1− (t1 + t2 + k1(m1 − 1) + · · ·+ kl1 (ml1 − 1)
¿ p2 + (k − k1 − · · · − kl1 )− 1− (t1 + t2 + p(m1 − 1) + · · ·+ p(ml1 − 1))
¿ p2 + (k − k1 − · · · − kl1 )− 1− (pt1 + p(t2 − 1) + p(m1 − 1) + · · ·+ p(ml1−1 − 1))
=p2 + (k − k1 − · · · − kl1 )− 1− p(t1 + (t2 − 1) + (m1 − 1) + · · ·+ (ml1−1 − 1))
¿ p2 + (k − k1 − · · · − kl1 )− 1− p(p− 1)(since (5))
=p+ (k − k1 − · · · − kl1 )− 1:
Since Conjecture 1 has been con!rmed by Alon [5] when n is prime, one can !nd a subsequence R of
S(a1; : : : ; at1+t2 )
−1
l∏
i=1
mi∏
j=1
S−1ij
with |R| = k − (k1 + · · · + kl1 ) and (Bl1+1 · · ·Bl0R) = pg for some g∈Cp2 . Since |A1 + A2 + E1 + · · · + El1 | = p,
A1 +A2 +E1 + · · ·+El1 =Cp2 =H . Therefore, for −g∈Cp2 , there are i1; i2; j1; : : : ; jl1 such that 16 i16 t1; t1 +16 i26 t1 +
t2; 16 j16m1; : : : ; 16 jl16ml1 , and such that w1ai1 +w2ai2 + (B1S1j1 )+ · · ·+ (Bl1Sl1jl1 )=pu1ai1 +pu2ai2 +px1hj1 +· · · + pxl1hjl1 = pa, where a = u1ai1 + u2ai2 + x1hj1 + · · · + xl1hjl1 satisfying a∈ − g + H . Therefore, w1ai1 + w2ai2 +
(B1S1j1 ) + · · ·+ (Bl1Sl1jl1 ) + (Bl1+1 · · ·Bl0R) = p(a+ g) = 0. Now the proof is completed.
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